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A B S T R A C T   

Quantification of wave reflection necessitates the simultaneous measurement of pressure and flow waveforms 
from the same arterial site, enabling wave separation analysis (WSA). A simplified approach to WSA, which 
involves modelling the flow waveform, offers a methodological advantage over the conventional method. 
Nevertheless, the current methods of pressure-only WSA is constrained to the aortic site. In this study, we 
propose a method to model the carotid artery flow rate waveform using multi-Rayleigh functions (Qm-RAY(t)) for 
WSA (WSAm-RAY). The carotid artery is associated with central and cerebral haemodynamics and has an 
anatomical advantage for easier accessibility of non-invasive measurements, unlike the aorta. The accuracy of 
the Qm-RAY(t) was assessed against the actual carotid flow rate waveform (QREF(t)), and the performance of the 
WSAm-RAY was evaluated against the QREF(t) based WSA (WSAREF) on 4374 virtual (healthy) subjects. The Qm- 

RAY(t) has captured the time instants of characteristic peaks in the flow profile of the common carotid artery with 
an RMSE < 8.26 ms (<1 % of average heart rate). A strong and statistically significant correlation (r = 0.99, p <
0.001) was observed for both ΔPF and ΔPB when compared between WSAREF and WSAm-RAY. The reflection 
quantification indices obtained from WSAREF, and WSAm-RAY yielded strong and statistically significant corre
lation (r > 0.78, p < 0.001). The WSAm-RAY demonstrated the capability to ease the carotid WSA by modelling 
the flow rate waveform and thereby expanding the possibilities for vascular screenings and diagnostics that rely 
on single pulse waveform measurements.   

1. Introduction 

During a cardiac cycle, the contraction of the left ventricle produces 
an impulse that travels with a finite speed along the arteries, creating a 
forward-running wave. However, the arterial system doesn’t completely 
absorb this wave, resulting in multiple backward-running waves 
returning to the left ventricle [1] and to the central arteries. The source 
of reflections in the vasculature is the mismatch of impedance (prop
erties of the pulse wave propagating medium) as seen by the forward 
wave. These reflections are partially caused by changes in both struc
tural properties (such as diameter tapering and vessel branching) and 
material properties (like stiffness and stiffness gradient) as the waves 
move from elastic central to muscular peripheral arteries. At any arterial 
site, the measured pressure and flow waveforms are a superposition of a 
forward-running wave, multiple reflections, and re-reflections of the 

forward-running wave. The reflection of pressure waves causes pressure 
augmentation (widening the pulse pressure) in the blood pressure of 
central arteries, altering the hemostasis at the microcirculation and 
leading to end-organ damage [2]. Conversely, the early onset of back
ward waves during the systolic phase increases cardiac afterload [3] and 
reduces ventricular pump efficiency [4]. The backward travelling pres
sure wave and pressure augmentation are associated with increased left 
ventricle mass [5], risk of heart failure [6] and mortality [7]. The transit 
time between forward and backward waves is of potential clinical value 
and helps understand the physiologic changes in central blood pressure 
waveform and a critical aspect of pulsatile ventricular load [8]. 

In clinical research, the augmentation index (AIx) has gained sig
nificant attention as a method for quantifying reflections from central 
blood pressure waveforms. However, several factors such as the height 
of the individual, accurate identification of shoulder point or inflection 
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point, compounding effect of heart rate and arterial stiffness gradient 
challenge the reliability of AIx and have a debatable role in quantifying 
reflections [9]. A comparison to wave separation analysis (WSA) has 
highlighted the limitations of AIx in accurately quantifying reflections 
[10]. The WSA is widely considered the more reliable “gold standard” 
for assessing reflection magnitude and timing [1]. For precise WSA, 
simultaneous measurement of arterial pressure and blood flow wave
form are required, preferably from a single arterial site. The WSA de
composes the pressure and flow rate waveform into its respective 
forward and backward components. Implementation of WSA can be 
performed through impedance analysis in the frequency domain [11] or 
through successive wavefront analysis in the time domain [12]. Simul
taneous and synchronized acquisition of pressure and flow waveform 
from the same arterial site (aortic) often imposes a practical challenge 
for non-invasive measurements. The non-invasive measurement of 
aortic pressure waveform is indirectly obtained as calibrated and scaled 
version of the carotid artery or radial artery tonometry waveforms via 
transfer functions [13]. The aortic flow rate waveforms are obtained 
from the flow velocity waveforms using Doppler echocardiography or 
magnetic resonance imaging (MRI) of the left ventricle outflow tract 
(LVOT) combined with the vessel’s cross-sectional area. However, 
measuring aortic flow requires trained personnel and access to cardiac 
echocardiography or MRI equipment and, therefore, may not always be 
feasible for measuring the aortic flow. 

Subsequently, simplified approaches to WSA have been proposed 
based on approximations to flow waveform [14–20]. The approxima
tions to the flow morphology were first proposed using a triangle 
waveform, modelled based on the occurrence of time instant of peak 
flow and ejection period of the heart [14]. Recent studies using flow 
modelling approaches based on lognormal approximation [17], 
Windkessel-based [16,21] and personalized modelling [18] of aortic 
flow have illustrated the alternatives to measuring the aortic flow. 
However, extensive population studies confirmed that more physiologic 
modelling of flow waveform is required for accurate WSA, and the dis
crepancies associated with various methods are described elsewhere 
[15,18]. Although the WSA is applicable to any pressure and flow 
waveform measured from the same arterial site, the applicability and 
validation of simplified WSA were limited to aortic flow waveforms in 
the literature. 

This article proposes a method to model the carotid artery flow rate 
waveform that is more physiologic and personalized to each participant. 
The WSA performed at the carotid artery is of interest due to its asso
ciation with central arteries, closely representing aortic conditions and 
for its practical advantages in easier accessibility for non-invasive 
measurements. Additionally, the forward and backward waves from 
the carotid artery are associated with the rate of cognitive decline and 
the pathophysiology of cerebral tissues [22]. The carotid artery is the 
gateway to cerebral circulation, and being a direct branch of the aorta 
makes it a surrogate for both cerebral and central haemodynamics. 
Recent studies [23–27] indicate a potential association between the 
arterial characteristics of the upper body and the development of cere
bral microvascular diseases. The vascular pathophysiology underlying 
these conditions is linked to the strength of pulse waves generated in the 
craniospinal cavity by the vasculature of the upper body [28]. It’s 
important to note that the flow waveforms in the upper body differ 
inherently from those observed in the ascending aorta or lower body 
arteries. Recent investigations employing WSA on carotid pressure and 
flow waveforms have demonstrated the ability to predict the onset of 
mild cognitive impairment more than a decade before clinical diagnosis 
[22]. The carotid wave intensity analysis (WIA) performed after the 
separation of forward–backward waves is also gaining interest [29,30] 
paving way for various perturbation studies in healthy and diseased 
populations. The recent interest in the carotid artery is mainly attributed 
to the accessibility to non-invasive sensing technologies and larger 
number of measurements performed at the carotid artery in comparison 
to the aorta. This article proposes a multi-Rayleigh flow rate modelling 

for carotid flow modelling for WSA and validates the method against the 
reference flow based WSA. The performance is evaluated in terms of the 
reflection quantification indices across a broad age group (25 years to 
75 years) of 4374 virtual (healthy) subjects. 

2. Materials & methods 

This section is further divided into i) theory, ii) computation and iii) 
statistical analysis. The former sub-section details the underlying theo
retical concepts of wave separation analysis and construction of the 
multi-Rayleigh flow rate waveform. The latter two sub-sections describe 
the data preparation, processing and essential statistical analyses per
formed to validate the proposed method against the reference method. 
Fig. 1 provides an overview of the proposed carotid WSA using the 
multi-Rayleigh flow rate model. 

2.1. Theory 

2.1.1. Wave separation analysis and quantification of reflection 
The pressure waveform at any arterial site is a superposition of a 

forward (PF(t)) and backward wave (PB(t)). The separation of for
ward–backward waves is based on combining the water-hammer theory 
with the electrical transmission line model [11], as described in (1) and 
(2). 

PF(t) =
1
2
(P(t) + Q(t) × ZC ) (1)  

and 

PB(t) =
1
2
(P(t) − Q(t) × ZC ) (2)  

Where ZC is the magnitude of the characteristic impedance of the blood 
vessel from which the P(t) and Q(t) are obtained. The ZC is estimated 
either in the time domain [12] from the measure of pulse wave velocity 
(C), the density of blood and the cross-sectional area (A) of the blood 
vessel (ZC = ρC/A) or in the frequency domain [11] as the average of 4 
to 10 harmonics of input impedance Z0 (Z0 = |P(jω)/Q(jω)|. The Q(t) in 
the expression (1) and (2) is either measured or modelled flow rate 
waveform. The actual value of Q(t) will be referred to hereafter as 
QREF(t), and the wave separation analysis (WSA) obtained using QREF(t) 
as WSAREF. 

The pulse pressure ΔPF and ΔPB are calculated from the amplitudes 
of PF(t) and PB(t), respectively. The ratio of ΔPB to ΔPF is termed as 
reflection magnitude (RM), and the ratio of ΔPB to the sum of ΔPF and 
ΔPB is defined as the reflection index (RI), often expressed as a per
centage. The reflection wave transit time (RWTT) is the time taken by 
the PB(t) to travel from the reflection site back to the measurement site. 
There are several methods to calculate RWTT; in this study, it is calcu
lated from the time delay between zero-crossing of mean subtracted 
PF(t) and PB(t) [9]. 

2.1.2. Construction of Multi-Rayleigh flow rate model 
A healthy human’s carotid artery flow rate waveform is predomi

nately antegrade and triphasic, exhibiting characteristic peaks in early 
systole, late systole and early diastole [31]. An illustration of the char
acteristic features of the carotid flow rate waveform is depicted in the 
Supplementary Fig. (SF 1). The relative amplitudes of early systolic and 
late systolic peaks strongly associate with corresponding carotid pres
sure augmentation [27]. Therefore, the flow rate waveform modelling is 
based on this underlying association of pulse contours of QREF(t) with P 
(t), which is explored using the second derivative waveforms of P(t). 
Fig. 2 illustrates the construction of multi-Rayleigh flow rate waveform 
from pulse contours of P(t). 

The Rayleigh curves are a skewed form of a Gaussian curve which is 
characterized by a steeper upstroke and a gradual downstroke, a feature 
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Fig. 1. Overall description and algorithm of the proposed multi-Rayleigh flow rate model for carotid WSA. (a) Carotid pressure waveform, with its characteristic 
points highlighted, (b) identification of the characteristic points from the second derivative of pressure waveform, (c) construction of multi-Rayleigh flow rate model, 
(d) magnitude spectrum of the impedance analysis performed in frequency domain for the estimation of characteristic impedance, (e) separation of forward and 
backward pressure waveforms. 
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common to arterial pulse waveforms. A Rayleigh function has only a 
single parameter (σ) to model and therefore has a computational 
advantage when constructing a multi-Rayleigh model. The flow rate 
waveform at the carotid artery up until the ejection period of the heart is 
modelled as a sum of multi-Rayleigh functions as in (3). 

Qm− RAY(t) = QES(t) + QLS(t) =
∑N

i=1

t
σ2

i
× e(− t2/2σ2

i ) (3)  

Where QES(t) is the flow profile during the early systolic phase, and 
QLS(t) is the flow profile during the late systolic phase. The σi is the 
model input parameters, and N is the number of Rayleigh functions used 
to model the flow rate. 

As the Qm-RAY(t) is modelled without any prior information on 
QREF(t), the time instant of early systolic flow peak (τES_peak), late sys
tolic flow peak (τLS_peak) and ejection period (τEP) of the QREF(t) are 

Fig. 2. Construction of multi-Rayleigh flow rate Model from parameters defined using the respective pressure waveform (a), (e) pressure waveform of a 25-year-old 
and 65 years old subject, with its fiducial points identified and markers, (b), (f) the second derivative waveform of the pressure waveform in (a), with its charac
teristic features identified, (c), (g) construction of multi-Rayleigh flow rate model based on the identified fiducial points and amplitude ratio between early systolic 
and late systolic peak from statistical models, (d), (h) comparison of modelled flow rate with reference flow rate waveform. 
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obtained from pulse contour analysis of P(t) using second derivative 
waveforms (SDW) as illustrated in Fig. 2. The τES_peak and τLS_peak are 
defined as the positive to negative consecutive zero-crossing after the 
second peak of SDW [13]. A box-whisker comparison of the respective 
SDW zero-crossings and reference flow peak is illustrated in the Sup
plementary Fig. (SF 2). The τEP is defined as the time duration between 
the opening and closing of the aortic valve for each cardiac cycle. The 
opening of the aortic value corresponds to the time instant of the systolic 
foot (τSF), and the closure of the aortic value corresponds to the time 
instant of the dicrotic notch (τDN) in the P(t). 

The model parameters (σ1 to σN and N) are found by iterative opti
mization such that the absolute error functions (F1, F2, F3 respectively) 
are lower than a threshold tolerance (ε) as in (4), (5), and (6) or N 
reaches a maximum value of 5, without converging. In the latter case, 
the N is selected with minimal error in the priority order of F1, F2 and F3. 
The error threshold (ε) used in (4), (5), and (6) was kept as 0.25 % of the 
average heart rate of the study population (~ ± 2 ms). 

F1 =
⃒
⃒τES peak(Qm− RAY (t) ) − τES peak

⃒
⃒ < ε (4)  

F2 =
⃒
⃒τLS peak(Qm− RAY (t) ) − τLS peak

⃒
⃒ < ε (5)  

F3 = |τbase(Qm− RAY(t) ) − τEP | < ε (6) 

Where τES_peak of Qm-RAY(t) is the time instant of the maximum 
amplitude as well as the early systole peak, τLS_peak of Qm-RAY(t) is the 
time instant of late systole peak, and τbase of Qm-Ray(t) is the time 
duration from t = 0 s to the time taken to decay 99 % of the peak 
amplitude of Qm-Ray(t) as illustrated in Fig. 2. 

The separation of forward–backward pressure waveforms is inde
pendent of the actual amplitude of the flow rate [14]. Therefore, the 
amplitude of the Qm-RAY(t) (and of the early systolic peak) after the 
modelling is normalized to 1, with a relative amplitude of late systolic 
peak in the range of 0.3 (for the younger population) to 0.6 (in the older 
population) obtained from a statistical model. The statistical model is an 
exponential regression model obtained based on the dependency of the 
amplitude ratio of flow peaks with AIx from the study population [27] 
and may be referred to in the Supplementary Fig. (SF 3). For the com
parison of ZC and for the purpose of the graphical illustration of the flow 
profile, the Qm-RAY(t) is scaled to the actual magnitude of the peak flow 
rate of QREF(t). 

2.2. Computation 

2.2.1. Data preparation 
The dataset used for the validation of the WSAm-RAY is a publicly 

accessible database based on Nektar1D arterial model (Pulse Wave 
Database) [32]. This arterial model has been clinically validated and 
used in several studies for simulating variations in hemodynamic pa
rameters and generating relevant data. The database contains 4374 
virtual (healthy) subjects with age ranging from 25 to 75 years. The 
hemodynamic variability is generated based on the age-related changes 
in the arterial, peripheral vascular bed, blood, and cardiac properties. 

The pressure waveform (in mmHg) and flow rate waveform (ml/s) 
obtained from the common carotid artery were used in this study. The 
flow rate waveform was obtained by combining the flow velocity 
waveform and the carotid artery cross-sectional area waveform. Both 
pressure and derived flow rate waveforms were sampled at 500 Hz from 
the database and up-sampled to 10 kHz as part of the data processing. A 
total of 280 subjects who exhibited abnormal pressure ranges outside of 
healthy ranges were excluded from the analysis of the study. The systolic 
BP and diastolic BP at the carotid artery for the remaining study popu
lation varied from 81.83 mmHg to 150.80 mmHg and 50.16 mmHg to 
89.89 mmHg, respectively. The peak flow rate ranged from 10.40 ml/s 
to 33.57 ml/s. Both WSAREF and WSAm-RAY were implemented using the 
remaining 4094 subjects. 

2.2.2. Data processing 
The second derivative of the P(t) was obtained after pre-processing 

with a zero-phase 2nd order Butterworth filter of cut-off frequency 75 
Hz. The τES_peak was computed from the time instant of positive to 
negative zero-crossing of the second derivative waveform (SDW) after 
the τSF (the initial maxima in the SDW of P(t)). The τLS_peak was 
computed from the next consecutive zero crossing. The τDN was iden
tified as a time instant of local maximum in the SDW of P(t) after the 
systolic peak (τSP). The figures illustrating the details of choice of fidu
cial points are included in the Supplementary Section (SF 4 and SF 5). 

The model parameters of Qm-RAY(t) were obtained optimally based 
on (4) – (6), and the peak amplitude was normalized to 1. To perform 
WSA for both the reference and proposed method, the ZC was obtained 
from the input impedance (Z0) analysis (Z0 = P(jω)/QREF(jω)) and (P 
(jω)/Qm-RAY(jω)) in the frequency domain. Both the pressure waveform 
and the flow waveform (measured and modelled) were transformed into 
the frequency domain using Fast Fourier Transform (FFT). The input 
impedance is defined as the ratio of magnitudes of the pressure har
monics to the flow harmonics, both in the measured and modelled 
scenarios. The ZC was estimated as the average magnitude of the input 
impedance from the 4th to 10th harmonics of Z0. Fig. 3 depicts the 
implimentation of WSAm-RAY and WSAREF for a young and older age. SF 
1(c) illustrates the steps involved in the data processing of both pressure 
waveform and flow waveform (modelled or measured) to arrive at the 
forward and backward pressure waves in the Supplementary Section. All 
the required signal processing and analysis were developed using the 
LabVIEW® programming platform running on a Windows® 11 
computer. 

2.3. Statistical analysis 

The error analysis between respective PF(t) and PB(t) from WSAREF 
and WSAm-RAY were reported as root mean square error (RMSE). The 
differences between ZC, ΔPF, ΔPB and wave reflection quantification 
indices (RM, RI, RWTT) between reference and proposed methods were 
analyzed using two-tailed paired t-tests and reported as mean ± stan
dard deviation (SD) or 95 % confidence interval (CI). Equivalence 
testing for the abovementioned differences using a two-one-sided t-test 
(TOST) procedure with a ±10 % equivalence margin was analyzed [33]. 
The equivalency between the reflection quantification index (RM) 
derived from WSAREF and WSAm-RAY was established with 95 % confi
dence if the mean difference with 90 % CI were contained within the 
pre-defined equivalence zone. The choice of a ±10 % equivalence 
margin was based on previous research indicating that a 10 % rise in RM 
(reflection magnitude) corresponds to a 31 % higher risk of all-cause 
mortality [8]. Deviating from this equivalence range could potentially 
have important clinical implications in terms of risk stratification using 
the reflection quantification indices. A Linear regression analysis, with 
reflection quantification indices derived from WSAREF as the indepen
dent variable and reflection quantification indices derived from WSAm- 

RAY as a dependent variable, along with their Pearson correlation coef
ficient, was used to analyze the correlation and trend line between both 
sets of parameters. Bland-Altman analysis was constructed to analyze 
any progression of systematic errors and overall comparison between 
the two methods. A p-value of 0.05 or less was used to regard the test as 
statistically significant. 

3. Results 

3.1. Reliability of the multi-Rayleigh flow rate waveform model 

The overall RMSE in the Qm-RAY(t) was 3.19 ml/s. The Qm-RAY(t) has 
captured the characteristic peaks in the flow profile of the common 
carotid artery with an RMSE at the time instant of the early systolic peak 
as 3.30 ms (<0.4 % of average heart rate) and RMSE at the time instant 
of late systolic peaks as 8.26 ms (<1 % of average heart rate). The RMSE 
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in the time instant at the base of Qm-RAY(t) was 34.31 ms (<4.5 % of 
average heart rate). Age-dependent changes in the flow rate waveform 
were reliably captured, and sample waveforms for each decade of the 
age group (25 years to 65 years) are illustrated in Fig. 4. The magnitude 
frequency spectrum of Qm-RAY(t) and QREF(t) yielded a − 20 dB cut-off 
<15 Hz and the magnitudes of harmonics exhibited substantial and 
statistically significant correlation (r ~ 0.99, p < 0.001) between both 
the WSA methods. 

3.2. Agreement of ZC between WSAREF and WSAm-RAY 

The group average ZC obtained from WSAm-RAY was 0.64 ± 0.18 
mmHg/ml/s, and from WSAREF was 0.63 ± 0.23 mmHg/ml/s. The dif
ference in mean values was 0.01 ± 0.11 mmHg/ml/s (1.57 % change 
from the ZC-REF). Additionally, as depicted in Fig. 5(a), the regression 
analysis revealed a statistically significant and robust correlation (r =
0.89, p < 0.001) between both the ZC. The Bland-Altman analysis 
depicted a scattered plot with no clear trend of systematic errors in Fig. 5 
(b). The bias was negligible (− 0.01 ± 0.11 mmHg/ml/s), with CI in the 
range of − 0.22 mmHg/ml/s to 0.20 mmHg/ml/s. 

Fig. 3. (a), (e) Pressure waveform with reference flow and modelled flow rate waveform of a 25-year-old (Type-C, AIx: − 15%) and 65-year-old (Type-A, AIx: 10%) 
subject, (b), (f) Input impedance spectrum obtained from pressure and flow rate waveform in frequency domain, (c), (g) Separated forward and backward waveforms 
and illustration of pulse pressures, (d), (h) Estimation of RWTT using the zero-crossing method. 
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3.3. Waveform analysis and accuracy of forward and backward waves 

Fig. 4 shows the typical examples of derived PF(t) and PB(t) obtained 
from WSAREF and WSAm-RAY for the age group 25 years to 65 years. The 
group average RMSE of PF(t) and PB(t) derived from WSAm-RAY with 
respect to one derived from WSAREF was 1.12 ± 0.65 mmHg and 1.68 ±
0.89 mmHg, respectively. The group average values of ΔPF and ΔPB 
derived from WSAm-RAY yielded 21.29 ± 6.54 mmHg and 16.84 ± 6.52 
mmHg, respectively. The deviation in ΔPF was 1.18 %, and in ΔPB was 

0.05 %, when compared between WSAREF and WSAm-RAY, and the dif
ference was not statistically significant (p > 0.05). A statistically sig
nificant and strong correlation (r = 0.99, p < 0.0001) between ΔPF 
derived from WSAm-RAY and WSAREF and between ΔPB derived from 
both methods. 

3.4. Performance evaluation for wave reflection quantification indices 

The group average value for RM, RI and RWTT derived from WSAm- 

Fig. 4. Carotid WSA performed for a (a)-(c) 25-year subject, (d)-(f) 35-year subject, (g)-(i) 45-year subject, (j)-(l) 65-year subject.  
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RAY yielded 0.78 ± 0.079, 43.84 ± 2.58 % and 50.10 ± 7.63 ms, 
respectively, whereas for the reflection indices derived from WSAREF 
were 0.80 ± 0.05, 44.47 ± 1.86 % and 45.86 ± 9.18 ms respectively. 
The mean differences in RM, RI and RWTT obtained from WSAREF, and 
WSAm-RAY were 0.018, 0.62 % and − 4.2 ms, respectively. A 10 % 
margin-based equivalence testing, as depicted in Fig. 6(a)-(c), revealed 
that the ΔPF, ΔPB and RM derived from WSAm-RAY demonstrated 
equivalency with the ones derived from WSAREF. A strong and statisti
cally significant correlation (r > 0.73, p < 0.0001) among each reflec
tion indices from both the WSA methods was observed, as depicted in 
Fig. 7(a)-(c). The highest correlation was observed for RWTT (r = 0.83, 
p < 0.0001). As in Fig. 7 (d)-(f), the Bland-Altman analysis depicted a 
scattered plot with no clear trend of any systematic errors. The bias (CI) 
in reflection indices obtained from both the WSA methods were 0.018 ±
0.05 (CI: − 0.08 to 0.12), 0.62 ± 1.7 % (CI: − 2.8 % to 4.0 %), and − 4.20 
± 5.1 ms (CI: − 14 ms to 5.7 ms) for RM, RI and RWTT respectively. 

4. Discussion 

In this study, we proposed a model for approximating the carotid 
artery flow rate waveform using multi-Rayleigh functions. The novelty 
of the proposed method is that no prior information on the flow wave
form was necessary, and a morphologically closer physiological flow 
waveform was derived based on characteristic features obtained from 
each subject’s pressure waveform morphology. The model was validated 
in 4374 virtual (healthy) subjects aged from 25 years to 75 years, 
evaluating the agreement among the ZC, PF(t), PB(t) and the derived 
reflection quantification indices (RM, RI, RWTT) between WSAm-RAY 
and WSAREF. The Qm-RAY(t) captured the characteristic peaks of the 
carotid artery flow rate waveform in the early and late systolic phases. 
The relative ratio of flow peak amplitudes depends on the age-related 
changes in the blood vessel’s structural and functional properties and 

manifests in the respective pressure waveform morphology [27,34]. The 
relative amplitude range was obtained via an exponential regression 
model, analyzing the distribution of the flow peak amplitude ratio (ALS/ 
AES) with AIx among all the 4374 subjects as depicted in the Supple
mentary Fig. (SF 3). A time domain comparison of Qm-RAY(t) with 
QREF(t) yielded lower RMSE for overall waveform morphology and for 
the time isntants of the characteristic peaks. A frequency domain anal
ysis revealed a strong correlation coefficient (r ~ 0.99, p < 0.001) be
tween the amplitudes of the magnitude spectrum of Qm-RAY(t) and 
QREF(t) up to a − 20 dB cut-off (~15 Hz). The harmonics, up to 15 Hz, 
would generally constitute 95 – 97 percentiles of the energy content in 
the flow waveform [35]. The higher levels of accuracy in time domain 
signals and agreement in the frequency spectrum indicate that the 
QREF(t) was well-modelled by Qm-RAY(t) for WSA. The developed Qm- 

RAY(t) physiologically modelled the QREF(t) only up until the ejection 
period of the heart, as the systolic phase of the flow waveform was more 
significantly relevant for WSA. 

The impedance analysis (IA) using the P(jω) with QREF(jω) (referred 
to as IAREF) and with Qm-RAY(jω) (referred to as IAm-RAY) for the esti
mation of ZC revealed bias between ZC: m-RAY and ZC: REF of negligible 
magnitude (~1.73 %). A previous attempt by our group to model the 
carotid flow waveform using multi-Gaussians [36] reported a bias be
tween modelled and reference ZC of 4.72 %. The ZC was estimated from 
the 4 to 10 harmonics of the IA. Within the 4 to 10 harmonics, a strong 
correlation exists (r ~ 0.98, p < 0.001) among the magnitude of 
impedance obtained from IAREF and IAm-RAY. The regression analysis 
(Fig. 5) exhibited a strong and statistically significant correlation (r =
0.89, p < 0.001) between ZC: m-RAY and ZC: REF and was observed to be 
better than our previous attempt using multi-Gaussian [36] (with an r =
0.78, p < 0,001). The magnitude-wise comparison of the group average 
values of ZC was not possible, as the analysis in [36] was performed in 
arbitrary units (the peak magnitude of the multi-Gaussian flow model 

Fig. 5. (a) Regression analysis with best fit linear trend line and correlation between ZC REF and ZC m-RAY, (c) Bland Altman analysis between the ZC REF and ZC m-RAY.  

Fig. 6. Equivalence testing using TOST procedure for mean ± 95 % CI for ΔPF, ΔPB and RM.  

R. Manoj et al.                                                                                                                                                                                                                                  



Biomedical Signal Processing and Control 93 (2024) 106129

9

and reference flow was normalized to 1) and in this study as mmHg/ml/ 
s (the peak magnitude of Qm-RAY(t) was scaled to the peak value of 
QREF(t)). However, it is clear from the observations that the proposed 
flow modelling approach using multi-Rayleigh has improved the accu
racy in the estimation of ZC, which is a vital step for the implementation 
of WSA. 

The WSAREF and WSAm-RAY were successfully implemented in 4374 
subjects, spanning across Type-A, Type-B and Type-C pressure wave
form morphologies. The PF(t)m-RAY and PB(t)m-RAY have an RMSE less 
than 1.5 mmHg when compared with the respective PF(t)REF and 
PB(t)REF. Although not directly comparable, these accuracies (in terms of 
RMSE) are in the range of 0.80 to 6.66 mmHg, in line with those ob
tained by various aortic flow modelling approaches [14–19]. The RMSE 
obtained for PF(t)m-RAY and PB(t)m-RAY were similar in range with the 
previous attempt using multi-Gaussians-based WSA [20] for carotid 
flow. The deviation in PF(t)m-RAY and PB(t)m-RAY with their respective 
reference counterpart are statistically insignificant (p > 0.05), suggest
ing the reliability of WSA performed using Qm-RAY(t). The PF(t) and PB(t) 
obtained from WSA using triangular aortic flow modelling [14] tend to 
generate spikes, which were absent in the PF(t) and PB(t) obtained using 
measured, lognormal [17], Windkessel-based [16], average [15] and 
personalized [18,19] aortic flow modelling approaches. Although the 
above methods were developed for modelling the Aortic flow, the con
clusions drawn from comparative studies [15,18,19] suggest a physio
logical flow modelling is better, similar to Qm-RAY(t) on which the 
proposed method was developed. A sample illustration of age- 
dependency on carotid flow modelling using Qm-RAY(t) with its 
derived PF(t) and PB(t) using both WSAREF and WSAm-RAY is depicted in 
Fig. 4, highlighting the model’s closeness to physiologic flow rate 
waveform. 

The deviation in forward (ΔPF) and backward (ΔPB) pulse pressure 
obtained from WSAm-RAY was within the range of 1.39 mmHg to 3.93 
mmHg for ΔPF and 0.39 mmHg to 1.45 mmHg for ΔPB in studies that 
shared the same virtual subject’s database for either aortic [19,37] or 
carotid flow modelling [20]. Other studies performed on in-vivo data 
[14–18] had the ranges of ΔPF and ΔPB from 0.01 to 12.18 mmHg. The 
bias and CI were also at par with the reported values in previous studies 
[14–19]. These results suggest that a more physiologic flow modelling 

offers better accuracy to the PF(t), PB(t) and their amplitudes. Therefore, 
the results obtained here demonstrated the efficiency of the WSAm-RAY in 
decomposing the P(t) at the carotid artery into its forward–backward 
components. The performance of the WSAm-RAY was evaluated by 
comparing the magnitude quantification of reflection (RM and RI) and 
arrival time of reflection waves (as RWTT) with that of the WSAREF. 

The group average values of RM, RI and RWTT were in similar ranges 
as reported in the literature [14–19] for aortic flow modelling. In [15], 
the methodological considerations of triangular flow modelling and 
identification of fiducial points from the pressure waveform were 
independently studied in 2325 participants and reported that WSA using 
an average flow waveform obtained from a subset of the population 
(~3%) performed better than the WSA based on triangular flow 
approximation. In [16], WSA based on Windkessel modelling of aortic 
flow reported similar performance to WSA using average flow and better 
than that using triangular flow approximation. The excess pressure 
waveform, obtained from the reservoir-wave model has morphological 
similarities to the flow waveform, and has been proposed for modelling 
peripheral flow [21]; However, the studies were limited to aortic WSA 
[38–40]. Recently lognormal approximation of aortic flow [17] was 
suggested as an alternative to triangle flow. However, the validation was 
examined in smaller cohorts (~11 participants), and the determination 
of the model parameter was not well described. The lognormal WSA was 
evaluated in a virtual subject’s database (~4374 participants) and with 
invasively acquired data (~13 participants) [19] to compare the per
formance against the triangular, measured and personalized aortic flow 
model. The personalized flow waveform was more consistent with the 
measured flow waveform, yielding better agreement in RM, RI and 
RWTT with reference WSA. 

The group average values for RM, RI and RWTT were in the range of 
those obtained using multi-gaussian WSA for the carotid artery [20]. 
TABLE 1 highlights the group average values obtained from WSA using 
multi-Rayleigh and multi-Gaussian models. TABLE 2 summarizes the 
correlation of reflection quantification indices obtained from each 
method with the ones obtained from WSAREF. The method described in 
[20] depends on an empirical relationship derived from the multi- 
Gaussian decomposition of P(t). The PF(t) and PB(t) were derived by 
uniquely combing a set of multi-Gaussians based on a pre-determined 

Fig. 7. (a)-(c) Regression analysis for RM, RI and RWTT obtained from WSAm-RAY and WSAREF, (b) Bland-Altman analysis for RM, RI and RWTT obtained from WSAm- 

RAY and WSAREF. 
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look-up table for optimized model parameters for each type of pressure 
waveform morphology. This required a training set (~20 % of the 
population) with reference flow waveform to determine the optimized 
design parameters. The approach was similar to the method described in 
[15], which uses a subset of the study population (~3%) to obtain an 
average flow waveform. The higher values of correlation for RM and RI 
in [20] were associated with the closeness of the model to the study 
population, as observed in both [15,20]. However, more physiologic 
flow modelling using WSAm-RAY proved to be effective in quantifying 
RWTT better than using multi-Gaussian model. The proposed method is 
also computationally less demanding, at least three orders less than the 
multi-Gaussian based WSA model. 

Aortic WSA, when implemented using non-invasive measurement 
techniques, relies on calibrated or scaled aortic pressure waveform ob
tained either from radial or carotid tonometry waveform via generalized 
transfer functions [13] and the aortic flow measured using doppler 
echocardiography or MRI. In certain studies, the carotid tonometry 
waveforms were scaled to the carotid pressure waveforms via calibra
tion and used alongside LVOT flow waveforms for WSA [15], as the 
carotid artery closely resembles the central blood pressure and aortic 
conditions. As such, the WSA can be implemented at any arterial site 
where both pressure and flow measurements are available. For instance, 
modelled or measured carotid artery flow rate waveform along with 
measurement of pressure waveform from the same arterial site has been 
reported to have clinical significance on cerebral-vascular pathophysi
ology. The mainstream of cerebral blood flow occurs via both the left 
and right common carotid arteries and the separated forward–backward 
pressure and flow waveforms was used to perform the wave intensity 
analysis, which reported a significant association between wave reflec
tion quantification and the rate of cognitive decline [22]. The carotid 
arteries have the anatomical advantage of being superficial and increase 
the ease of non-invasive measurements. The carotid artery is a surrogate 
of central [41] and cerebral haemodynamics [42]. This opened up 
research possibilities to study the pulse dynamics of carotid arteries 
under physiologic perturbations induced by exercise [29,30], lower 
body negative/positive pressure [43], cold pressor test for carotid 
reactivity [44], change in distensibility [45], intensity analysis [25,46] 
using pressure and flow waveforms. To the best of our knowledge, the 

carotid WSA was limited to [22,25,29,30,39,46,47], which measures 
both flow velocity or flow rate with a scaled or calibrated form of carotid 
pressure waveform. The method proposed in this article has demon
strated the ability to model the carotid flow rate waveform for per
forming WSA. The technique would potentially widen the scope of 
carotid WSA, its scalability and applicability to conduct more extensive 
cohort studies, especially on cerebral and central haemodynamics. 

5. Limitations and future scope 

The developed carotid flow rate model using multi-Rayleigh func
tions has demonstrated its ability to capture the characteristic features of 
the carotid flow rate waveform in healthy participants using an exten
sively validated database of simulated waveforms. An in-vivo validation 
study comprising the healthy and diseased population is warranted to 
substantiate the results obtained using the simulated virtual subject’s 
database. The model depends on the accurate identification of fiducial 
points on the pressure waveform, which requires signal acquisition 
systems of higher sampling rates (~250 Hz and above) to identify and 
characterize the fiducial points accurately. Determining the relative 
amplitudes between the early and late systolic peaks for the carotid 
artery flow rate waveform was implemented as a statistical model based 
on its dependency on age and AIx. From the modelling perspective, 
works are in progress to better predict the amplitude ratio of peak flow 
rate with probabilistic and learning-based algortihms. It is also impor
tant to model the retrograde flow, which is not prominent in healthy 
participants but a significant characteristic for the diseased or aged 
population. Modelling of retrograde flow becomes essential when 
applying the concepts of WSA to peripheral arterial sites. Clinical and 
epidemiological trials are a need to investigate the clinical significance 
of reflection quantification indices (RM, RI and RWTT) as a prognostic 
marker of cardiovascular health, morbidity, and mortality. 

6. Conclusion 

A physiologic and personalized model for carotid artery flow rate 
waveform was developed using the multi-Rayleigh function for sepa
rating forward and backward waves using WSA. The modelled flow rate 
waveform was compared with the reference flow rate waveform, and the 
performance of WSA was evaluated by comparing the agreement on 
reflection quantification indices such as RM, RI and RWTT. The vali
dation study to prove the feasibility of the proposed method was con
ducted on a simulated database of 4375 healthy participants over the 
age group of 25 years to 75 years. The PF(t) and PB(t) obtained from 
WSAm-RAY were morphologically similar to the ones obtained from 
WSAREF, with an RMSE < 1.5 mmHg. A strong and statistically signifi
cant correlation (r > 0.78, p < 0.001) was observed for all the reflection 
quantification indices between WSAm-RAY and WSAREF. The utilization 
of these methods in carotid artery WSA has the potential to broaden the 
range of vascular screenings and diagnostics that depend on the dy
namics of single pulse waveforms. 
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Table 1 
Comparison of reflection quantification indices between WSAREF, WSAm-RAY and 
WSAMG.   

Group Average 

Reflection Quantification Indices WSAREF WSAm-RAY WSAMG 

Forward Pulse Pressure, ΔPF 

(mmHg) 
22.25 ±
5.86 

21.29 ±
6.54 

23.05 ±
7.04 

Backward Pulse Pressure, ΔPB 

(mmHg) 
16.04 ±
5.45 

16.84 ±
6.52 

17.75 ±
5.92 

Reflection Magnitude, RM 0.80 ± 0.05 0.78 ±
0.079 

0.79 ± 0.08 

Reflection Index, RI (%) 44.47 ±
1.86 

43.84 ±
2.58 

44.23 ±
2.58 

Reflection Wave Transit Time, RWTT 
(ms) 

45.86 ±
9.18 

50.10 ±
7.63 

45.50 ±
5.56  

Table 2 
Correlation with reflection quantification indices of WSAm-RAY and WSAMG with 
WSAREF.   

Correlation with WSAREF 

Reflection Quantification Indices WSAm-RAY WSAMG 

Forward Pulse Pressure, ΔPF (mmHg) r = 0.99 r = 0.96 
Backward Pulse Pressure, ΔPB (mmHg) r = 0.99 r = 0.97 
Reflection Magnitude, RM r = 0.78 r = 0.82 
Reflection Index, RI (%) r = 0.79 r = 0.83 
Reflection Wave Transit Time, RWTT (ms) r = 0.84 r = 0.76  
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